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I. INTRODUCTION
In applications such as image, audio, and speech analysis and coding, perfect-reconstruction (PR) filter banks (FBs) with nonuniform frequency spacing usually offer considerable flexibility in frequency partitioning. A significant amount of research effort has been devoted to the theory and design of the nonuniform FBs [1] - [5] . One popular design method is the direct one where a direct structure is adopted [2] . However, this design usually involves nonlinear optimization with a considerable number of parameters. Another useful approach is the indirect method [3] , where certain channels of a uniform FB are merged using the synthesis filters of transmultiplexers (TMUXs), giving rise to a near-PR recombination nonuniform FBs (RNFBs). It was shown recently in [4] that it is possible to achieve PR in this structure. A class of RNFBs based on cosine-modulated FBs (CMFBs) were also proposed. By imposing a simple matching condition on the prototype filters, we were able to obtain the recombination nonuniform CMFBs (RN-CMFBs) with low design and implementation complexities and good frequency characteristics. The advantage of the RNFB is that the PR property is structurally imposed as long as the original uniform FB and the recombination TMUXs are PR. Compared with another merging method in [6] where a simple transformation is used, the general recombination TMUX employed in the RNFB can help to create a single subband with good frequency characteristics.
The majority of the existing work on the nonuniform FB design cannot maintain linear-phase (LP) property, because of the high complexity associated with phase distribution. In this correspondence, we propose a novel method for designing RNFBs with LP property. To begin with, we make two assumptions related to the RNFBs. The first one is that the M -channel uniform FB alone and the TMUXs alone are all LP in the recombination structure. The second one is that the number of channels of the uniform FB and that of the recombination TMUX are coprime. With this assumption, it is possible for the RNFB to ob- [7] and the LP FBs by cosine and sine modulation [8] , the LP uniform FBs introduced in this correspondence are obtained by using the well-known Parks-McClellan algorithm with transition bands having cosine roll-off type. The rest of this correspondence is organized as follows. The frequency characteristics of RNFBs are analyzed in Section II. The existence and matching conditions are derived in Section III, followed by the procedures and examples in Section IV and conclusions in Section V.
II. FREQUENCY CHARACTERISTICS OF RECOMBINATION NONUNIFORM FILTER BANKS
Before presenting a detailed analysis of the frequency characteristics of the RNFBs, let us give a brief introduction on the RNFBs.
The structure of an L-band RNFB is shown in Fig. 1 . In this structure, m l subchannels of an M -channel uniform FB are merged by an introduced to suppress the undesirable spurious response, which we will explain later in Section III. It was observed in [4] that if the uniform FB and the TMUXs are PR, then the nonuniform FB will also be PR. This is because if the input signals of the TMUX as indicated by the dotted line in Fig. 1 can be approximately reconstructed at the output of the TMUX, the merging operation is equivalent to the introduction of a certain delay in the m l channels. If these delays are compensated in other branches, the whole structure is PR. This structural PR property simplifies the design of the nonuniform FB, which was already demonstrated by the RN-CMFBs in [4] and [5] .
Because the analysis filters of the RNFB are in general LPTV, their design can be complicated. Fortunately, if M and m l are coprime, it is possible to come up with an LTI representation of the analysis filters by interchanging the order of the decimator and interpolator [4] . With this coprime assumption in mind, we will examine in some details the frequency characteristics of the analysis filters in the rest of this section.
To begin with, let us study the equivalent LTI representation of the RNFB. Consider the merging of the subbands in Fig. 1 . If m l and M are coprime, then the decimator (M ) and the interpolator (m l ) can be interchanged. Moreover, using the noble identity [9] , H r +i (z) and It should be noticed that if the starting index of the merged channel is odd, the inputs of the TMUX have to be modulated by the sequence
n in the corresponding channels [2] so as to overcome the spectral inversion, an inherent problem of nonuniform FBs. It can be verified that the modulator of (01) n commutes either with the up-sampler or with the down-sampler so that the analysis filters can be represented as the cascade of certain LTI filter with the modulator.
Consider the interpolated filter G l;i (z M ) in (1). Here, we assume that the m l -channels to be merged are taken from the M -channel uniform FB with the channel index r l ; r l + 1; 111 ; r l + m l 0 1. The merging operation is performed by employing the synthesis filters Our objective is to study the conditions on H r +i (!) and G l;i FB(!) such thatĤ l (!) will possess the desirable frequency characteristics. To simplify the analysis, we assume that 1) the stopband cutoff frequencies of H r +i (!) lie within
and 2) the stopband attenuation is sufficiently high that it can be treated as zero outside the region. Hence, only adjacent channels overlap in their magnitude responses.
Those assumptions also apply to G l;i FB (!) with the stopband cutoff frequencies in the range [(i=m 
We now turn to D(!) in (3). Substituting (4a) and (4b) ). To determine whether they overlap each other, we examine the difference between the starting locations of the two intervals. From (8a) and (9a), we get s + p;r +i 0 u + q;i = (pM 0 qm l + r l =2)I:
For even r l , we define an integer r 0 l with r 0 l = r l =2. Then, from (10) we have s + p;r +i 0 u + q;i = (pM 0 qm l + r 0 l )I:
Notice that, for odd r l , the similar derivation can be carried out and the same conclusion will be obtained. 
Because of the term (1=2) on the right-hand side of (14), the sum inside the bracket cannot be zero. Note that, in M-channel LP FBs, the analysis filters are always having alternate symmetry (i.e., alternative symmetric and anti-symmetric). In our correspondence, we assume that Ar +i(!) and Bi(!) are symmetric when i is even, and antisymmetric when i is odd. The same assumption is applied to H r +i (!) and G l;i FB (!). Next, we will derive the condition on the constant cr +i with which the : (22) In order to eliminate the cross-term (22), we need to choose c r +i = 0cr +i+1 , a condition that is exactly same as (21). It is evident that to meet both the requirements of "passband flatness" and "spurious response suppression," c r +i and c r +i+1 must have the relation of (21).
We refer to (21) as the existence condition with which good frequency characteristics of LP LTI RNFBs can be warranted. Having satisfied the condition in (21), (22) 
This means that there is no bumping appear in the stopband ofĤ l (!).
In addition, it can be easily verified that ! 2 F + 0 and ! 2 F 0 m01 belong to the transition band ofĤ l (!).
From the above discussion, we can see that cr +i has acted simply as a sign indicator. For simplicity, we choose cr +i = 1; for even i 01; for odd i in the following discussion. Hence, the equivalent LTI filters can be written simply as follows:
IV. DESIGN PROCEDURES AND EXAMPLES
There are basically two main steps involved in the design of the proposed FB: a) designing the original FB and the recombination FB separately with the restriction of the existence and the matching conditions described in the last section and b) merging them accordingly. The detailed design procedures are summarized below. 2) Obtain the corresponding FB-based TMUX as G l;i (!) = e 0j! G l;i FB (!).
3) If all starting indexes r l are even, the subbands of the M -channel FB can be merged directly by using the synthesis filters of the m l -channel TMUX.
4) If any r l is odd, the sequence (01) n should be multiplied to the corresponding channels before merging the subbands. 5) Compensate for the delays introduced by the TMUXs in other branches of the M -channel uniform FB to make sure that the all branches experience the same amount of delay. As mentioned previously, we want the magnitude response of the transition band of the analysis filters to follow a cosine roll-off characteristic. It makes sure that the sum of the square amplitude of two adjacent filters in their transition band is closed to unity so that the FB is approximately power complementary and is near-PR [9] . More specifically, for the kth analysis filter H k (z) of the M -channel uniform FB, the low-frequency transition band and the high-frequency transition band are expected to be, respectively M in (27). Here, we have m 0 = 3. Following the design procedures described above, we obtained the RNFB. The equivalent structure of the FB with the resulting LTI analysis filters is shown in Fig. 2(a) . The magnitude responses of the equivalent LTI analysis filtersĤ 0 (!) (low-pass filter) andĤ1(!) (high-pass filter) are shown in Fig. 2(b) . In this example,Ĥ 1 (!) = H 3 (!), where H 3 (!) is the original high-pass filter of the four-channel uniform FBs since no merging operation in this channel of the original uniform FB. This system is approximately PR and the reconstruction error is about 10 03 and the aliasing errors is also about 10 03 .
Example 2:
This example is an LP RNFB with sampling factors (2=5; 3=5). By the above design procedure, we obtain the equivalent LTI analysis filters as shown in Fig. 3 . The lengths of the two-, three-, and five-channel FBs are 50, 75, and 125, respectively. The reconstruction error is about 10 03 , and the aliasing errors is also about 10 03 .
It can be seen from the above examples that the design of the proposed near-PR LP RNFBs is very simple, and good filter quality is achieved.
V. CONCLUSION
This correspondence presented a novel design method of LP RNFBs. By analyzing the properties of the analysis filters of the RNFB, we derived the existence and the matching conditions so as to obtain LP RNFBs. Based on the obtained conditions, we proposed a design method that is very simple but with good frequency characteristics as demonstrated by two design examples.
